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INTRODUCTION 
LOCALLY AFFINE 
LET M” be an n-dimensional manifold with a complete affine connection whose curvature 
and torsion tensors vanish identically. Then M” is called a complete locally affine manifold. 
We will actually use a different, but equivalent [7], definition of the spaces M”. Let A” 
denote the n-dimensional affine plane and let A(n) denote the group of all affinities of A”. 
Let I- be a subgroup of A(n) which operates properly discontinuously on A”. (A group G 
of transformations of the topological space X is said to operate properly discontinuously 
on X provided for each x0 E X there exists a neighborhood U(x,) such that g1 (U(x,)) 
n g2 ( U(xO)) non-empty implies g1 = g2 for gl, g2 E G.) Then it is trivial to verify that AnIT 
is a complete locally affine manifold with fundamental group I’. The converse is also true 
as shown in [7]. It is this formulation of complete locally affine manifolds that we will use 
in this paper. 
Our main result is that Bieberbach’s theorems in [8,9] established for the group of 
rigid motions acting on euclidean space have natural generalizations in our more general 
setting. In order to make the statement of these results more precise, we will adopt the 
following definition :
DEFINITION. Let G be a group. If G has a maximal normal solvable subgroup R, we will 
call R the radical of G. 
Zassenhaus has shown [18] that any subgroup of GL(n, R) has a unique radical. 
Noting that A(n) can be imbedded in GL(n + 1, R), we have that if I? is the fundamental 
group of a complete locally affine manifold M” then r has a well-defined radical. 
With these results in mind, we may now formulate our main theorems: 
THEOREM (1). Let r be a finitely generated fun&mental group of a complete locally 
a&e manifold. Then the radical of r, r(T), is offnite index in r. 
THEOREM (2). Let M” be a compact complete locally afine manifold. Then M” is finitely 
covered by a compact solvmanifold, i.e. the homogeneous pace of a connected solvable Lie 
group. 
t This work was partially supported by an N.S.F. grant. 
$ This paper presents the details of work partially announced in Bull. Amer. Math. Sot. 69 (1963), 242-243. 
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THEOREM (5). If Ml and M, are compact complete locally ajine manifolds with 
isomorphic fundamental groups, then Ml and 44, are homeomorphic. 
$1. PROOF OF THEOREM (1) 
DEFIMTION. Let G = G1. G, .be a Lie group, where G, is a normal subgroup of G, G2 is a 
subgroup, and the dot denotes the semi-direct product. We will define G as a group of trans- 
ormations on G, in the .following manner: Every element of G can be written uniquely as 
(gl, g2) for g1 E G1 and g2 EGG. Let P : G + G1 be defined by p(g,, gJ = gl. For g E G, 
define A(g) : G, + G, by A(g)(gl) = p(gg& g1 E G,, gE G, where ggl denotes the product 
in G. It is trivial to verify that A(g) A(g’) = A(gg’) and hence that A defines a homomorphism 
of G into the group of homeomorphisms of G,. We will call this the affine representation 
of G relative to the semi-direct product representation of G = G, ‘G,. It is clear to what 
extent this representation depends on the choice of presenting G as a semi-direct product 
as long as Gi is fixed. Once G = G, - G2 is given we will always use A(g), gE G, to denote the 
affine representation of G. 
LEMMA (1). Let G = N. H, where N is a simp[y connected nilpotent analytic group and H 
is a subgroup of the group of continuous automorphisms of N. Let r c G be such that 
A(T) operates properly discontinuously on N. Let rl = r n N and let Nl c N be the analytic 
subgroup of N which is uniquely determined by the properties that Nl 2 rl and N,/T, is 
compact. Assume.further that T/T, contains no elements of jinite order. Then A(T/T,) 
operates properly discontinuously on NJN,. 
ProoJ: It is trivial to verify that under A(T) the cosets Nlno, no EN, are permuted 
amongst themselves. It is also easily verified that the image of each coset of Nr in N/A(T) is 
homeomorphic to N,/T, and hence compact. The image of a coset NlnO in N/A(T) will be 
called a sheet. Our problem is to prove that this sheeting of N/A(T) actually gives rise <o a 
fiber bundle structure of N/A(T) over N/A(N,T) with fiber NJT,. The conclusion of our 
lemma would follow trivially from this. The proof that the sheeting gives rise to a fiber 
bundle structure of the type indicated requires only that we prove the existence of local 
cross sections. 
Clearly the sheeting of M = N/A(T) gives rise to an involutive distribution and hence 
we may apply the Frobenius theorem. Let m, EM and let Y(m,) be the sheet through m,. 
Let Ui, i = 1, . . . , k, be local co-ordinates which cover Y(m,) and are such that if (Xii, . . . , 
Xin) are the co-ordinates in Ui. Then 
1. Xi, = C,, ... ) Xi, = C, correspond to the connected components of the intersection 
of a sheet with Ui. 
2. Y(m,) n Vi is given by Xi, = 0, . . . , Xi, = 0. 
3. If a sheet Y meets uU, then Y c VU;. 
4. Consider yOe Y c VU,. Let y,,~ Uj say. Then y0 determines a connected com- 
ponent of Y n Uj,. Call this W(y,). We may consider W(yO) n Ui, i = 1, . . . , k. 
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We may also consider Uj, n Y(m,) and the collection of sets Uj, R Y(m,) n Ui. 
We will require that W(y,) n Ui be empty if and only if Uj, n Y(m,J n Ut is empty. 
It is clear that co-ordinate neighborhoods exist with these four conditions. We will have 
proven our lemma once we have shown that each sheet Y c u Ui meets each Ui in exactly 
one connected component. 
Let U = u Ui and let U* be a connected lift of U into N. Then we can delete from U* 
a cut set G* such that G* is invariant under l-t and for each coset of N1 in U*, X, X - X n G* 
is a collection of disjoint fundamental domains for N,/Ii. We now let G be the image of G* 
in U and consider U - G. We will use Y1 to denote the restriction of sheets in U to U - G. 
Now Y’(m,) is contractable. Let U: be the covering of U - G induced by the Ui. 
Then, since Yl(m,) is contractable, we may contract Y(mJ to a point by contracting 
Y’(mO) n Uj,, first until what is left is covered by the remaining U:. By this method we can 
contract Y’(m,) to a point. But we may do the same for each sheet of Y meeting i$, and 
since the incidence relations are the same we obtain that each sheet of Y’ can be contracted 
to a point; We next note that any point in Y beginning and ending G must be in the same 
sheet on Yin U. Hence each Y must meet U in exactly one sheet. This proves our lemma. 
LEMMA (2). Let G = S. H where S is a simply connected solvable Lie group, H is an 
analytic group and the dot denotes the semi-direct product. Let I7 c G be such that 
1. A(T) operates properly discontinuously on S. 
2. The image of r in G/S is discrete and isomorphic to r. 
Under the above conditions, r is abelian. 
Proof. Let h(T) denote the image of I in H. Consider G/I --) G/IS. This is a fiber 
bundle, since IS is closed in G, with fiber homeomorphic to S and hence to euclidean space. 
Hence we have a fiber bundle over H/h(T) with fiber euclidean space. We may let c : H/h(I) 
+ G/r denote a cross section in this bundle. Now we also have the fiber bundle 
G/I 
71 
1 
S\G/I- N S/A(T) 
Let p(t), 0 < t < 1, be a closed path in H/h(T) realizing the fundamental group element 
y0 E I. Then let p*(t) = c(p(t)). Then n@*(t)) realizes the fundamental group element y0 
in S/A(T). Now through each point of p*(t) there passes a fiber of G/I -P G/IS say x(t), 
where X(t) is topologically euclidean space. Further, xX(t) is the covering map of X(t) onto 
S/A(T). Consider p*(O) E X(0) and let m, = 7~ (p*(O)). Then I has a unique lifting to an 
action of X(O), once the point m, and p*(O) are specified. Then for each value of t = t,, the 
path np*(t) for 0 5 t I to < 1 determines a unique action of I on A’(&,) by {xp*(t))Y{np*(t))-l 
for 0 < t 5 t, I 1. Then for t, = 1 we have the lift of I to X(0) given by 
But since the action of T’ on X(0) is determined uniquely by m, and p*(l) = p*(O) we have 
that 
~9~01 = 7,76I 
134 LOUIS AUSLANDEX 
Hence y0 is in the center of l?. But y. was arbitrary and hence our lemma is proven. 
Zmportant Observation. This lemma does not depend on the groups explicitly appear- 
ing in the statement of the lemma, but rather on the existence of certain fiber bundles with 
certain mappings. 
LEMMA (2’). Let X be topologically euclidean space and let z be a properly discontinuous 
group of transformations of X. Assume there exists a fiber bundle p : B + X/n with a con- 
nectedfiber F such that 
1. n operates properly discontinuously on F. 
2. B is fiber bundle over F/z with euclidean spaces V asJiber. 
3. For each V c B pi V is a covering map of V onto X/z 
Then n is abelian. 
THEOREM (I). Let lY be a jinitefy generated j&&mental group of a complete locah’y 
afine manifold M. Then the radical of r, r(T) is offinite index in r. 
Proof. Let G, be the identity component of the algebraic hull of lY and let G, be the 
group generated by G1 and the group of pure translations in A(n). Let G = [G,, G,] and 
let r* = r n G. Then if we can prove the theorem for r* we will have proven the theorem 
for r. Now G has the property that its radical N is nilpotent and must consist of unipotent 
matrices. 
Now N n r* contains r(T*) to within finite index and the image of r* in G/N must be 
discrete and isomorphic to l-*/T* n N. This follows from the work in [I 1. The crucial 
point to observe is that T*/T* n N is finitely generated, as the homomorphic image of a 
finitely generated group, and is a matrix group. Hence there is a normal subgroup of finite 
index which is torsion free [15]. Call I?; the subgroup of I’* which maps onto the above 
normal subgroup in r*/r* n N. Then I?: is normal and of finite index in lY*. Once we see 
that if I-; has a radical of finite index then r* has a radical of finite index and hence r has. 
Hence we have the following. 
1. G XI rT as discrete subgroup. 
2. The radical N of G consists of unipotent matrices. 
3. ry/ry n N is_ torsion free. 
4, If Al1 is the algebraic hull of r: n Nthen N,/I’f n Nis compact and yTN,yT-’ = Nr. 
5. With no essential loss of generality we may also assume that G = N. H where His 
contained in the group of continuous automorphisms of N. Clearly A(Ty) acts 
properly discontinuously on N, since N contains the pure translations. 
Hence by Lemma (1) A(JY;“lT: n N) acts properly discontinuously on NIN,. We may 
now apply Lemma (2’) to conclude that ry/lY: n N is abelian. To see this we take X = NIN,, 
n to equal l-:/T: n N, B to be N,\N. H/T:, F will be’ H, and F/rc is given by H/(Image of 
r: in H). This completes the proof of this theorem. 
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82. PROOF OF THEOREM (2) 
LEMMA 3. Let N be an n-dimensional connected Lie group of unipotent (m + 1, m + 1) 
matrices and let us assume a basis so chosen that 
Let + : N --) E”’ be the mapping that assigns to each m E N its last column. Then $(N) is 
homeomorphic toeuclidean space. 
Proof. Let us assume that $(N) = (aI, . . . , ak, 0, . . . , 0) for all m E N and a, # 0 for all 
nEN, n # E. Then there exists N* c N of codimension 1 such that I&N*) has a, = 0 for 
all n* EN* and there exists a one-parameter group p(t) in N such that N = p(t)N*, where the 
image of p(t) = (al(t), . . . , a,_,(t), t, 0, . . . , 0). Hence by induction (trivially true for 
n = 1) we may assume JI(N*) is euclidean space. Then p(t) acts on $(N*) by an affine 
transformation for all t and hence in the first k - 1 co-ordinates the mapping is a homeo- 
morphism, but in the k co-ordinate it is a pure translation. This shows that $(N) is 
homeomorphic to q(N*) x p(t). Hence $(N) is homeomorphic to a euclidean space. 
THEOREM (2). Let I? be the fundamental group of a compact complete locally a&e 
mantfold M. Then there exists I’* c lY of finite index such that An/I’* is homeomorphic to 
a solvmantfold. 
Proof. Let G be the identity component of the algebraic hull of I?. Then by Theorem 
(l), G is solvable and IY n G = r# is of finite index in r. Consider [P, I?] c [G, G]. Then 
[I’*, I?] is composed of unipotent matrices, its algebraic hull is [G, G] which is nilpotent 
and will be denoted by N1, and N’/[P, I?] is compact. Let aE A” and let f, : m --t m(a) 
define the mapping f, : N’ + A”, where m(a) is the image of aE A under me N1. Now f, is 
the same as the mapping described in the previous lemma. Hence f,(N’) is homeomorphic 
to a euchdean space. 
Further 
f. 
N1-A” 
I I 
i+/[r*, r#]+Ay[r#, r-#-j 
is clearly a commutative diagram. But, fa(N1)/[r#, F’#] is compact. Hence N’ andf,(N’) 
are K([P, I?], 1) spaces in the sense of Eilenberg-MacLane. Hence they have the same 
dimension and f is a homeomorphism. (This last statement follows easily from a similar 
argument o that used in proving Lemma (3).) 
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Now since G is solvable there exists a decomposition G = N-A where N is the normal 
subgroup of all unipotent element and A is abelian and semi-simple. We define a mapping 
ff : N-s A” byf r(m) = m(a) for mEN and aeA”. 
We would now like to apply exactly the same method of proof which was just used to 
prove that fa was a homeomorphism to prove that f: is a homeomorphism. It is obvious 
that the only difficulty in doing this is that we do not yet know that N is a K(I, 1) space. 
We will verify this fact now, and thus obtain that f: is a homeomorphism of N onto A”. We 
can then drop the a. 
Since P/[I*,I#] is finitely generated and abelian, there exists I’* c I’# such that 
[I*, I#] c I*, P/l?* is finite, and I.*/[I#,I#] is torsion free. Let yr, . . . , yk~T* project 
onto a basis for I*/[I#,I’*]. Then each element yi can be uniquely expressed as u(yJ 
s(y,), where u(yi) is unipotent, S(yJ is semi-simple and u(yJ S(yJ = s(yJu(y,), i = 1, . . . . k. 
Let N* be the subgroup of N generated by N1 and n(yJ, i = 1, . . ., k. Then clearly N/N* is 
compact. Now since N is a normal subgroup of a semi-direct product, we have the affine 
representation of G on N. We may further note that N/A(r*) is homeomorphic to qN_ s/l-*. 
It is trivial to verify from Lemma (1) that N/A@*) is a fiber bundle with Nr/[l?#, I+] 
as fiber and N/A(T*N’) as base space. But 
N/A(r*iv')z S\N~S/r*N' w N.s/r*Psw (N/N1)/(r*/[r#,r#I). 
But this is compact and can be identified as a torus. Hence N is a K(I*, 1) space and we 
have 
f 
N-A” 
I I 
N/A(T*)-+A”/I-* 
where f is a homeomorphism of N onto A”. Now N/A(N’l?*) x A”/N’T*. But N/A(N’I-*) 
is a torus. This shows that An/T is a fiber bundle over a torus with N’/[I#, I#) as fiber. But 
by results in [2] there exists a compact solvmanifold with fundamental group I* and 
satisfying this same fibration. Hence by Mostow [13, $101 these two spaces must be homeo- 
morphic. This completes the proof of this theorem. 
THEOREM (3). Every complete locally afine manifold withJinitely generatedfundamental 
group r isjnitely covered by aJiber bundle with torus as fiber. 
Proof. By Theorem 1, we see that there exists I’; of finite index in I such that l-r is 
solvable. By well-known results, there exists I* of finite index in IT which is simultaneously 
triangulable. Clearly An/T and An/T* have the same Euler characteristic. But if r* is 
non-abelian there exists an abelian normal subgroup with all eigen values 1. Call it I+. 
Let N1 by the algebraic hull of Il. Then we may apply Lemma (l) to conclude that A./I* is 
a fiber bundle with N’/T’ as fiber. But N1/l? is a torus. 
If r* is abelian, using the standard representation theorems for abelian matrix groups, 
we see that we may first fiber An/T* with a euclidean space as fiber and such that the base 
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space is a complete locally athne manifold with I* as fundamental group, but now such 
that all the eigen values of I* are one. We may now reason as above to prove the theorem. 
$3. ISOMORFWISM THEOREM 
Let I c A(n) be the fundamental group of a compact complete locally athne manifold 
and let G be the algebraic hull of I with identity component G,,. Since G,, is solvable, 
Go = U.T, where T is an abelian group of semi-simple lements and U is the maximal 
unipotent subgroup. By the results in the proof of Theorem (2), we have that the projec- 
tion of U into the translational subgroup of A(n) is actually a homeomorphism of U onto 
this group. Since G acting on U, by inner automorphism, followed by projection onto the 
translation group is the same as G acting in the projection of U, by inner automorphism, 
we have that no element of T can act trivially on U except the identity. 
LEMMA (4). G = U-K. 
Proof. By a result of Mostow [14], we have that G = EC, where E is topologically 
euclidean space, C is a compact subgroup and cEc_’ c E for c E C. Clearly we may choose 
E such that E c Go and E 2 U I [Go, Go]. It is straightforward to verify that E may be 
chosen to be a subgroup of Go under our special hypothesis and then we may conclude that 
E is a normal subgroup of G and G = E-C. 
We will now show that if G = E-C, we may choose E = U- V, where cVc_’ c V for 
CE C and V is a subgroup. If we let K = V-C we have the desired result that G = U.K. 
The following lemma will prove this assertion. 
LEMMA (5). Let F be a finite group of automorphisms of a connected group G* = U. V, 
where V is a simply connected abelian group and U is the maximal analytic nilpotent normal 
subgroup of G*. Assume further, that G* is contained in an algebraic group G, with U as the 
maximal unipotent subgroup of GO and F is extendable to G. Then there exists a simply 
connected abelian subgroup V* of G* such that G# = U- V* andf(V*) = V* for ail fe F. 
Proof. By theorem (12.2) of Bore1 [lo], we have for each feF there exists a unique 
u(f) E U such that f(V) = u(f) Vu-‘(f). This determines a mapping c : F + U because of 
our hypothesis that U is the maximal nilpotent normal subgroup of G#. If we consider the 
subset of U-F of the form (c(f),f) then this is isomorphic to the group F. But by Mostow 
[14] any maximal compact subgroups of U-F are conjugate by elements of U. This is equi- 
valent to our assertion. 
LEMMA (6). Let alinotation be as before. Let y E r have the property that ad(y) induces a 
unipotent automorphism of U. Then y E U. Hence U is the maximal nilpotent normal analytic 
subgroup of G,,. 
Proof. Under the above hypothesis y and U generate a nilpotent matrix group U* and 
U is unipotent and contains the commutator subgroup of U*. Hence by a result of Malcev 
[12] either U* acting on R”+’ has two invariant disjoint non-trivial subspaces or y has all 
eigen values one. But U itself has no non-trivial invariant subspaces. Hence the lemma is 
proven. 
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PROPOSITION (1). Let I++ : rl -+ r2 be an isomorphism of Tr onto Tz, where Ti, i = 1,2, 
are fundamental groups of compact compIete locally afine spaces. Let Gi be the algebraic 
hull of Tit i = I,2 and let Gi = U,.K,, 1 = 1,2. Then (I/ induces an isomorphism of rl n U, 
onto rz n U,. 
ProoJ Let Fi = Fi n Vi, i = I,2 and let a.h. ( ) denote the algebraic hull of the group 
in the bracket. Then since F; is normal in Fr, $(F;) is normal in G,. But by Mostow’s 
results in [14] and from the fact that a matrix all of whose eigen values are one and of 
finite order is the identity, we can conclude that $(F;) = F* + a.h.(rg) where + denotes 
the direct sum and F* is a finite group. Hence F* is characteristic n $(F;) and hence normal 
in Gz. But U, is normal in Gz and F* n U, is empty. Hence I;* and U, commute element- 
wise. Therefore, ad+&), Yost; operates on U, as an element .of 17, does itself. Hence 
I&,) operates unipotently on U, and by the previous lemma we have that $(Y,,)E U,. 
This proves our assertion. 
THEOREM (4). Let rl and Tz c A(n) be fundamentalgroups of compact complete locally 
afine spaces and let Gi be the algebraic hull of Ti, i = 1,2. Then if+ : rl + Tz is an isomor- 
phism of lYl onto Tz then $ can be uniquely extended to an isomorphism of G1 onto Gz. 
ProojI From the previous proposition it follows that II/ can be extended to an iso- 
morphism $# of G: = F1 a.h. (F;) onto G: = Fz a.h. (F;) in the notation of the preceding 
section. Hence we may consider adG, and adG, and note that $# induces an isomorphism 
of adG,# onto adG,#. Indeed these representations are easily seen to be equivalent. But 
adG,/a.h. (rf) is the algebraic hull of adGg by Proposition (6), [I 1, page 1411, since the ad- 
joint representation of an algebraic group is rational and an algebraic group modulo an 
algebraic normal group is algebraic. Hence, the equivalence between adG,# and adG: 
determines an equivalence between adG,/a.h. (F;) and adG,/a.h. (r;). 
Essentially one merely has to reproduce the discussion on page 15 of Wang’s paper 
[17] to now conclude that U, x U,. This completes the proof of this theorem. 
THEOREM (5). Let Ml and Mz be compact complete locally afine manifolds with iso- 
morphic fundamental groups. Then Ml is homeomorphic to Mz. 
Proof. Mi = Ki\Gi/ri, i = 1,2. But the mapping $* between Gr and Gz maps Fr 
onto Fz and Kl onto K,. This proves the theorem. 
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